Stationary entanglement in a four-mode optomechanical system, especially under roomtemperature, is discussed. In this scheme, when the coupling strengths between the two target modes and the mechanical resonator are equal, the results cannot be explained by the Bogoliubovmode-based scheme. This is related to the idea of quantum-mechanics-free subspace, which plays an important role when the thermal noise of the mechanical modes is considered. Significantly prominent steady-state entanglement can be available under room-temperature.
I. INTRODUCTION
Entanglement is a key resource in quantum information processing [1] , which has been intensively investigated in microscopic systems, such as cavity-QED [2] [3] [4] [5] [6] . Macroscopic entanglement is a research field full of curiosity, and quantum optomechanical system is now considered to be useful for its investigation [7] [8] [9] [10] [11] [12] [13] [14] . Generally speaking, the degree of entanglement is usually small (logarithmic negativity E N < 0.7) near the zero temperature. It can not be obtained under room-temperature due to the stability conditions and the thermal noise of the mechanical modes.
Recently highly entangled quantum states (logarithmic negativity E N > 0.7 near the zero temperature) in optomechanical system are discussed via various methods, such as cascaded cavity coupling [15] , reservoir engineering [16] , Bogoliubov dark mode [17] , Sørensen-Mølmer approach [18] and coherent feedback [19] . The crucial component in these ideas is the generation of twomode squeezing states. These results can play an important role in hybrid quantum networks, and can be extended to other parametrically coupled three-bosonicmode systems, such as superconducting circuits coupled via Josephson junctions [20] .
The dissipative ideas in reservoir engineering have been discussed and realized experimentally in atomic systems [21] [22] [23] [24] [25] . In optomechanical system, a standard arrangement for generation of highly entangled state consists of two target modes (to be entangled but not directly coupled) and an intermediate mode (simultaneously coupled to the two target modes). Such systems can be used for quantum state transfer [26, 27] . The dissipative environment of the two target modes can be controlled via reservoir engineering. Ultimately the two modes can be relaxed into an entangled state. This method can be realized with a high-frequency, low-Q mechanical resonator or coupling a high-Q mechanical mode to the third cav-ity mode. In Ref [16] the thermal noise of the mechanical mode was not directly discussed.
In this paper steady-state entanglement in a four-mode optomechanical system is discussed, when the mechanical thermal noise is taken into account. The situation that the two optomechanical couplings between the two target modes and the mechanical oscillator are equal can not be explained by the Bogoliubov-mode-based scheme [16] . This is connected with the ideas of quantum-mechanicsfree subspace [28] [29] [30] . The mechanical thermal noise effect is discussed. Prominent steady-state entanglement can still exist under room-temperature.
II. SYSTEM
We focus on a four-mode optomechanical system. The two target modes are two optical cavity modes, and the intermediate mode is a mechanical resonator, which is also coupled with a cooling cavity mode (see Fig. 1 ). When the frequency of the mechanical oscillator is much smaller than the frequency spacing of neighboring cavity modes, mainly the two target modes are coupled to the mechanical oscillator, and the mixing interaction between the two target modes and other excitation modes can be omitted [31] . This single-mode expression is usually used in the discussion of optomechanical system, so the Hamiltonian of this system is
where a i is the annihilation operators of cavity mode i, q and p are respectively the position operator and the momentum operator of the mechanical resonator, g i is the coupling strength between the cavity mode i and the mechanical mode. Here 1,2 denote the two target modes, and 3 denotes the cooling mode. ω i and κ i are the frequency and the damping rate of the cavity mode i. ω m and γ m are the frequency and the damping rate of the mechanical oscillator. The three cavity modes are respectively driven by lasers with frequencies ω 1 − ω m , ω 2 + ω m and ω 3 − ω m . Under the interaction picture with respect to the cavity drives, we can write .
FIG. 1:
Schematic of a four-mode otpomechanical system, where three cavity modes are coupled to a single mechanical mode. 1,2 denote the two target modes to be entangled and 3 denotes the cooling mode which can be adiabatically eliminated when the dissipation rate κ3 is large. Cavity 1,3 are driven at the red-detuned mechanical sideband, while cavity 2 is driven at the blue-detuned sideband.
p =p + δp.ā i is the stable cavity amplitude, andq,p are the stationary mechanical position and momentum.
If |ā i | ≫ 1, the optomechanical interaction can be linearized as follows
where
here the cavity field quadratures
ξ is the input noise operator. When the Q value of the mechanical oscillator is very high, ξ(t)ξ(t ′ ) + ξ(t ′ )ξ(t) ≃ γ m (2n + 1)δ(t − t ′ ) can be satisfied [13] , wheren = (e ωm/kB T + 1) −1 and , k B are the reduced Planck constant and the Boltzmann constant. T is the bath temperature of the mechanical resonator. X Equation (3) can be written in the following compact formu
and
If all the eigenvlues of the matrix A have negative real parts, the system is stable. The stability conditions can be obtained by use of the Routh-Hurwitz criteria [32] . Under the situation κ 1 = κ 2 = κ, the third cooling mode can be eliminated adiabatically, and the stability condition can be easily expressed as [9, 16] 
This condition is necessary and sufficien. If κ 1 = κ 2 and G 2 < G ′ , the system is always stable. This condition is easily satisfied experimentally, which does not limit the coupling strength any more. When the system is stable, it reaches a steady four-mode Gaussian state, which can be fully characterized by a 8 × 8 correlation matrix V satisfying following equation
III. RESULTS
To quantify the entanglement between the two target modes, we use the logarithmic negativity E N . For two Gaussian modes E N can be calculated by the expression
and The matrices A, B and C are 2 × 2 blocks of the covariance matrix,
where i, j = 1, 2, 3, m denote the red-sideband target mode, the blue-sideband target mode, the cooling mode and the mechanical oscillator. This condition is equivalent to Simon's partial transpose criterion [33] . Fig. 2 shows the stationary entanglement E N between the two target intracavity modes as a function of the interaction G 2 . We have taken parameters analogous to those of Ref. [16] that ω m = 2π × 10 MHz, G 1 = 2π × 2 MHz, κ 1 = κ 2 = 2π × 0.02 MHz, κ 3 = 2π × 0.5 MHz, γ m = 2π × 100 Hz, T = 300 mK and G 3 = 2π × 0 MHz (dashed-red line), 2π × 0.8 MHz (solid-blue line). When G 3 = 0, the maximum entanglement approaches 0.7. However when G 3 = 0.8 MHz, the maximum entanglement is about 1.8, which is much larger than the usual value 0.7 induced by the two-modes squeezing interaction. So using the cooling mode can increase the entanglement significantly.
The key finding in this paper is that, when G 2 = G 1 , the two target modes are still entangled (E N = 0.6). We will show this result can not be explained via the Bogoliubov-mode-based scheme. Two Bogoliubov modes for equation (3) be introduced. We have
It is obvious that the form can be valid only when G 2 < G 1 . This transformation is related to the Bogoliubov modes of the two target modes, and called Bogoliubov-modebased scheme [16, 18] . Here the mode δX ′ , δY ′ is decoupled from the mechanical oscillator. When G 2 = G 1 , the form is not appropriate. From equation (14), if G 2 = G 1 , G will be zero. The two target modes can completely decouple from the mechanical mode, and the entanglement will be zero. However, when G 3 > 0, Fig.2 and Fig. 3 all show that the entanglement is not zero (the blue line in Fig. 3 ). When G 2 < G 1 (dashed-red line), the two target modes can be greatly cooled. For a suitable G 3 , we can have a strong steady-state entanglement 1.8 much larger than 0.7. When G 2 = G 1 , the entanglement also increases when G 3 increases, so the cooling mode can also be exploited to cool the two target modes.
We notice that when G 2 = G 1 = G, equation (3) is connected with the idea of quantum-mechanics-free sub- 
space [28] [29] [30] . We can have a special form [34] . This can be easily realized by adding the cooling mode. For equation (15) , when G > 0, δX + and δY − is evaded from the mechanical oscillator, so δX 2 + + δY 2 − = 1 still holds. However δY + and δX − will suffer from the oscillator. When the coupling strength between the cooling mode and the oscillator is large, the two target modes have a large dissipation. The dynamics of the oscillator can be eliminated adiabatically, and the two target modes are simultaneously generated or annihilated. Thus the entanglement between the two modes are created and δX 2 − + δY 2 + < 1 can be realized. This mechanism is very different from the previous Bogoliubov-mode-based scheme. Fig. 4 plots the entanglement of the two target modes when G 2 = G 1 and T = 300 mK. When G 1 > 2π × 0.8 MHz, the entanglement can be about 0.6. Fig. 5 presents the entanglement of the two target modes as a function of G 3 if G 2 = G 1 and T = 300 K (room temperature). When G 3 > 2π × 0.4 MHz, the entanglement is larger than 0.2, which is a prominent result (this result is impossible in previous investigations). Moreover Fig. 6 compares the two entanglement mechanism when the mechanical thermal noise is considered. It is shown that, at room-temperature and if G 2 = G 1 , we have the maximum entanglement 0.25 which can not be realized in the usual entanglement mechanism. This results will be important for hybrid quantum networks with optomechan-ical systems used under room temperature. This paper is also inspired by the Sørensen-Mølmer scheme in [18] with the same interaction form, which has been discussed in [35] [36] [37] to entangle trapped ions in a thermal environment, with which robust entanglement can be achieved. Ref. [18] outlines a pulsed entanglement scheme in a three-modes optomechanical system featuring the Sørensen-Mølmer mechanism, which can generate strong entanglement in the weak and strong coupling regime. In contrast to the Bogoliubov-modebased schemes, the Sørensen-Mølmer scheme are robust against the mechanical thermal noise, which has the same effect as this paper. However we notice that in the pulsed scheme the two target mode should detune from the mechanical oscillator, but here they have the same frequency.
IV. CONCLUSION
In this papera four-mode optomechanical system is discussed in detail. The entanglement degree of the two target modes is calculated. When the two coupling strengths between the two target modes and the mechanical oscillator are equal, the result is related with the idea of quantum-mechanics-free subspace. Then the Bogoliubov-mode-based scheme and the mechanism used in this paper are compared, when the mechanical thermal noise is considered. Importantly prominent entanglement of the two target modes still exist under room temperature. This results is important for the application of optomechanical networks.
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